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MOMENT PROBLEM FOR SYMMETRIC ALGEBRAS OF 
LOCALLY CONVEX SPACES 


M. GHASEMI*, M. INFUSINO f , S. KUHLMANN f , 


M. MARSHALL* 


Abstract. It is explained how a locally convex (lc) topology r on a 
real vector space V extends naturally to a locally multiplicatively con¬ 
vex (lmc) topology r on the symmetric algebra S(V). This allows appli¬ 
cation of the results on lmc topological algebras obtained by Ghasemi, 
Kuhlmann and Marshall in [TO] to obtain representations of r-continuous 
linear functionals L : S(V) —> R satisfying L(Y) S(V) 2d ) C [0, oo) (more 
generally, of r-continuous linear functionals L : S(V) —> R satisfying 
L(M ) C [0, oo) for some 2d-power module M of S(V)) as integrals with 
respect to uniquely determined Radon measures p supported by special 
sorts of closed balls in the dual space of V. The result is simultaneously 
more general and less general than the corresponding result of Berezan¬ 
sky, Kondratiev and Sifrin in HI- It is more general because V can 
be any locally convex topological space (not just a separable nuclear 
space), the result holds for arbitrary 2d-powers (not just squares), and 
no assumptions of quasi-analyticity are required. It is less general be¬ 
cause it is necessary to assume that L : S(V) —► R is r-continuous (not 
just that L is continuous on the homogeneous parts of degree k of S(V), 
for each k > 0). 


Murray Marshall passed away in May 2015. We lost a collaborator of many years and a 
wonderful friend. We sorely miss him. (M. Ghasemi, M. Infusino, S. Kuhlmann) 


1. Introduction 

For n > 1, R[x] denotes the polynomial ring R[x] := R[xi,... ,x n \. The 
multidimensional moment problem is the following. Given a linear functional 
L : R[x] —>• R and a closed subset Y of R n one wants to know when there 
exists a positive Radon measure /i on R n supported on Y such that L(f) = 
f fdn V/ € R[x], 

In this paper, we continue to study this problem in the following more 
general set up. Let A be a commutative ring with 1 which is an R-algebra. 
X(A) denotes the character space of A, i.e., the set of all ring homomor- 
phisms (that send 1 to 1) a : A — > R. For a £ A, a : X (A) —>• R is 
defined by a(a) = a(a). The only ring homomorphism from R to itself 
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is the identity. X(A) is given the weakest topology such that the func¬ 
tions a, a £ A are continuous. For a topological space X, C(X) denotes 
the ring of all continuous functions from 1 to K. The mapping a H > a 
defines a ring homomorphism from A into C(A(A)). Let d be an integer 
with d > 1. By a 2 d-power module of A we mean a subset M of d satis¬ 
fying 1 E M, M + M C M and a 2d M C M for each a £ A. A 2d-power 
preordering of A is a 2d-power module of A which is also closed under mul¬ 
tiplication. In the case d = 1, 2d-power modules (resp., 2d-power preorder¬ 
ings) are referred to as quadratic modules (resp., quadratic preorderings). 
For a subset Y of X(A), Pos(Y) := {a € A : a > 0 on Y} is a quadratic 
preordering of A. We denote by A 2d the set of all finite sums a ! d i 
ai £ A. X 2d is the unique smallest 2d-power module of A. A 2d is 
closed under multiplication, so ^ A 2d is also the unique smallest 2d-power 
preordering of A. For gi,... ,g s £ A, the 2d-power module of A generated 

by gi,... ,g s is M = A 2d + -4 2d Vi H-+ Z) A 2d g s B For any subset 

M of A, X M ■■= {a £ X(A) : a(a) > 0 Va € M}. If M = [ 2d then 

Xm = X(A). If M is the 2d-power module of A generated by gi ,... ,g s 
then Xm '■= {« £ X(A) : §i{a) >0, i = 1,..., s}. 

A linear functional L : A —>• M is said to be positive if A 2d ) C [0, oo) 
and M-positive for some 2d-power module M of A, if L(M ) C [0, oo). For a 
linear functional L : A —>• M, one can consider the set of Radon measures g on 
X(A) such that L{a ) = f ddg Va £ A. The moment problem in this general 
setting is to understand this set of measures, for a given linear functional 
L : A —> R. In particular, one wants to know if this set is non-empty and in 
case it is non-empty, when it is a singleton set. We note that the moment 
problem for M[x] is a special case. Indeed, ring homomorphisms from R[x] 
to M correspond to point evaluations / i-A f(a), a £ M n and X(M[x]) is 
identified (as a topological space) with M n . 

In im the general moment problem for the algebra of polynomials in an 
arbitrary set of variables {xg i £ 12} is studied. Several recent papers deal 
with the general moment problem where the linear functional in question is 
continuous for a certain topology. For instance, j9] and m deal with linear 
functionals continuous with respect to weighted norm topologies, general¬ 
izing [5] and (27]. In [8], [ID] and [12 8 the authors analyze integral repre¬ 
sentations of linear functionals that are continuous with respect to locally 
multiplicatively convex topologies. |3l Theorem 2.1], [3], [6], [13], [28[ Sec¬ 
tion 12.5], [15] . [16] consider linear functionals on the symmetric algebra of 
a nuclear space under certain quasi-analyticity assumptions which are less 
restrictive than continuity. These papers are precursors of the present one. 
We deal here specifically with linear functionals on the symmetric algebra 
of a locally convex space (V. r) which are continuous with respect to the 
finest locally multiplicatively convex topology f on the symmetric algebra 
extending r. 


* The 2d-power modules considered here are not assumed to be finitely generated. 
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In Section 2 we collect terminology and notation about seminorms on 
real vector spaces and results from m ; see Theorems 12.2112.41 and 12.51 This 
exposition is continued in Section 4 for families of seminorms. In Section 
3 we introduce our set up for the graded symmetric algebra S(V) of a real 
vector space V. Starting with a seminorm p on V, we obtain the quotient 
seminorm on the k-th homogeneous part S(V)k of S(V) from the associated 
tensor seminorm. We then define the projective extension p of p to S(V) and 
show that it is submultiplicative, see Proposition 13.21 We proceed to describe 
the character space of 5(F) and its Gelfand spectrum with respect to ~p, see 
Proposition 13.51 At the end of that section we are in the position to apply 
the main results of [ID] to this situation, see Corollary 13.71 It is interesting 
to point out that this set up differs from the general case studied in m- 
Here the free M-algebra M[O] is endowed with a topology (i.e. is studied 
as a topological real algebra) and the linear functionals under consideration 
are assumed to be continuous. Section 5 generalizes the results of Section 
3 to the case when V is endowed with a locally convex topology t (i.e., the 
topology induced by a family of seminorms). The main result of that section 
is Corollary 15.21 In Section 6 we compare this theorem to the results of 0, 
m, M and m , see Remark IQ 

2. BACKGROUND RESULTS 

A 2d-power module M in A is said to be archimedean if for each a £ A 
there exists an integer k such that k ± a £ M. If M is a 2d-power module 
of A which is archimedean then Xm is compact. The converse is false in 
general (see 1231 §7 •3] or fl8j Example 4.6]). 

For simplicity, we assume from now on that A is an M-algebra. We record 
the following representation theorem of T. Jacobi m- 

Theorem 2.1. Suppose M is an archimedean 2d-power module of A, d > 1. 
Then, for any a£i, the following are equivalent: 

(1) a > 0 on Xm- 

(2) a + e € M for all real e > 0. 

Jacobi’s result plays a key role in what we are doing here. Theorems 12.21 
12.41 and 12.51 stated below are all based, in one way or another, on this result. 
Note that the implication (2)=>(1) is trivial, while (1)=>(2) is non-trivial. 
See [2], [19] and [25! for early versions of Jacobi’s theorem. See [23] for a 
short proof in the case d = 1. See [12] for a short proof in the general case. 
See [22] for a generalization. 

As specified in the introduction, we consider the general version of the 
moment problem: Given a linear functional L : A — > M, what can be said 
about the set of positive Radon measures p on X(A) satisfying L(a) = f adp 
Ma £ A? In particular, one wants to know (i) when this set is non-empty, 
and (ii) if it is non-empty, when it is singleton. One also wants to understand 
the support of p. We say that p is supported by some Borel subset Y of 
X(A) if p(X(A)\Y) = 0. If p is supported by a Borel subset Y of X(A) 
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then obviously L is Pos(y)-positive. Conversely, if L is M -positive for some 
2d-power module M of A, does this imply that p is supported by Xm? One 
would also like to know for which p and for which p > 1 the natural map 
A —>• C p (p), a 4 «, has dense image. Recall if (. X,p ) is a measure space 
and / : X —>• R is a measurable function, then 


IIP>M 



p e [i,oo). 


The Lebesgue space C p (p), by definition, is the R-vector space 

C p (p) := {/ : X — > R : / is measurable and ||/|| Pi(U < oo} 
equipped with the norm || • || P ,JE 

Theorem 2.2. Suppose M is an archimedean 2d-power module of A and 
L : A —>• R a M -positive linear functional. Then there exists a positive 
Radon measure p on Xm such that L(a ) = f adp Va £ A. 

Proof. See 112, Corollary 2.6]. The conclusion can be also obtained as a 
consequence of [8J Theorem 5.5]. □ 


Since M is archimedean, Xm is compact, so p is the unique positive Radon 
measure on X(A) satisfying L(a) = f adp Va £ A. Also, the image of A 
in C p (p) is dense Vp £ [l,oo). These are all consequences of the following 
general result: 

Proposition 2.3. Suppose p is a positive Radon measure on X(A) having 
compact support. Then 

(1) p is determinate, i.e., if u is any positive Radon measure on X(A) 
satisfying f ado = f adp Va £ A, then v = p. 

(2) The image of A in C p {p) under the natural map is dense V p £ [1, oo). 

Proof. (1) See [TDJ Lemma 3.9]. (2) Let Y be a compact subset of X(A) 
supporting the measure p. It suffices to show that the step functions 
JfjLi r jXSj, fj £ R, Sj C Y a Borel set, belong to the closure of the image 
of A. Using the triangle inequality we are reduced further to the case m = 1, 
r\ = 1. Let S C Y be a Borel set. Choose K compact, U open in Y such 
that K C S C U, p(U\K ) < e. By Urysohn’s lemma there exists a contin¬ 
uous function <j) : Y — > R such that 0 < <f> < 1 on Y, (j) = 1 on K, <f> = 0 on 
Y\U. Then ||xs — 4>\\ P ,fi < e 1 ^. Use the Stone-Weierstrass approximation 
theorem m Theorem 44.7] to get a € A such that |^(a) — a(a)| < e V 
a £ Y. Then \\(f — a \\ p ^ < e/r(T) 1//p . Putting these things together yields 
||X5 - d\\ Ptfl < ||X5 - iL + 11^ - “IIp-m ^ el/p + e^(T) 1/p . □ 


2 In definition of T p (p) we assume that each / is a representative of the class of all 
functions g : X —¥ R such that ||/ — g || Pl/i = 0, otherwise, C p {p) is merely a seminormed 
space. 
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We recall results from m- Recall that a seminorm on a R-vector space 
V is a map p : V —>• [0, oo) such that 

(1) V a G V and V r G R, p(ra) = |r|p(a), and 

(2) V a,b G V, p(a + b) < p{a) + p{b). 

A submultiplicative seminorm on an R-algebra A is a seminorm p on A such 
that 

(3) V a, b G A, p(ab) < p{a)p{b). 

Let p be a submultiplicative seminorm of an R-algebra A. Note that if p 
is not identically zero then p( 1) > 1. The Gelfand spectrum of p is 

sp(p) :={a G X(A) : a is p-continuous} 

={a G X(A) : |a(a)| < p(a) for all a € A}. 

See p Lemma 3.2], As explained in [10, Corollary 3.3], sp(p) is com- 
pactjj We recall the following continuous versions of Jacobi’s theorem and 
Theorem 12.21 

Theorem 2.4. If p is a submultiplicative seminorm on A and M is a Id- 
power module of A then 

(1) M p = Pos(Ww Csp(p)) and 

(2) X w = Xm C sp(p). ^ 

In particular, = Pos(sp(p)) and X ^ ^ 2d p =sp(p). Here, M p denotes 

the closure of M with respect to the seminorm p. 

Proof. See m Theorem 3.7]. □ 

Remark: (2) can be deduced from (1) using the Stone-Weierstrass ap¬ 
proximation theorem. Consequently, the main result here is (1). 

Theorem 2.5. For each submultiplicative seminorm p on A and each in¬ 
teger d > 1 there is a natural one-to-one correspondence L G4 p given by 
L(a) = f adp V a G A between p-continuous linear functionals L : A —»• R 
satisfying L(J2A 2d ) C [0, oo) and positive Radon measures p on X(A) sup¬ 
ported by sp (p). For any 2d-power module M of A, if L -H- p under this 
correspondence then L is M -positive iff p is supported by Xm n sp (p). 

Proof. See (TOj Corollary 3.8 and Remark 3.10(i)]. □ 

Theorem 12.51 applies in some interesting cases. See [5] and [12] for the 
special case of semigroup algebras. See pin Section 4] for the application to 
*-seminormed ^-algebras. See [10] Section 5] for the application to locally 
multiplicatively convex (lmc) topological R-algebras. 

We recall the application to lmc topological R-algebras in a bit more detail 
in Section 4. 

■^Conversely, every compact subset K of X(A) is expressible (non-uniquely) as K = 
sp(p) for some submultiplicative seminorm p of A. Namely, K = sp (par) where pK is 
the submultiplicative seminorm on A induced by the sup norm on C(K), i.e., pir(a) := 
sup{|a(a)| : a € K}. 






6 


M. GHASEMI, M. INFUSINO, S. KUHLMANN, M. MARSHALL 


3. SUBMULTIPLICATIVE SEMINORMS ON SYMMETRIC ALGEBRAS 

Let F be an R-vector space. We denote by 5(F) the symmetric algebra 
of F, i.e., the tensor algebra T{V) factored by the ideal generated by the 
elements v®w — w®v, v,w £ F. If we fix a basis Xi, i £ D of F, then 5( V) 
is identified with the polynomial ring R[ccj : i £ D], i.e., the free R-algebra 
in commuting variables x*, i £ fi. The algebra 5( V) is a graded algebra. 
Denote by S(V)k the k- th homogeneous part of 5(F), k > 0, i.e., the image 
of fc-th homogeneous part V® k of T(V) under the canonical map 

n n 

Y. fn ® ® fik ^ Y fil ' '' fik- 

i= 1 i =1 

Here, fy £ V for i = 1,..., n, j = 1,..., k and n > 1. Note that S(V) q = M 
and 5(F)i = F. 

Suppose {Vi, pi) are seminormed M-vector spaces, i = 1,2. The tensor 
seminorm p\ <8> pi on Fi (S> F i is defined by 

n n 

(Pi ®P2)(/) := '™.i£Yp 1 {fa)p 2 {fi2) ■ f = Y fn ® fill fij € Vj, n > 1}. 

i=l i=1 

If Ph P 2 are norms, then p\ <8> P 2 is a norm. See m Chapter 1, Proposition 
1] for the proof. If (F, Pi) are seminormed M-vector spaces, i = 1 ,...,k, 
then pi (g) • • • 0 pk is dehned recursively, i.e., 

(Pi ® ' ®Pk)(f) ■= 

n n 

infix; ^(/n) • • • Pkifik) : / = x; -fa ® ® fik, fij e Vj, n > 1}. 

1=1 1=1 

If all the {Vi, pi) are equal, say (F, pi) = {V, p), i = 1,..., k, the associated 
tensor seminorm p\ ® ® pk on V® k will be denoted simply by p® k . 

Suppose now that p is a seminorm on F and 7Tfc : V® k —> S{V)k is the 
canonical map. For k > 1 define to be the quotient seminorm on S{V)k 
induced by p® k , i.e., 

Pk(f) :=inf {p® k {g) : g £ V® k , ir k {g) = /} 

n n 

= infix; p(-fa) ■ ■ ■ P^fik) ■ f = X; fa " ' fik’ fij £V, n > !}■ 

i=l i=1 

Define ~p 0 to be the usual absolute value on R. 

Lemma 3.1. If k = i+j, f £ S{V) i; g £ S{V)j, thenp k {fg) <Pi{f)pj{g). 

Proof. Suppose / 6 5(F)*, g £ S{V)j and / = /pi' " fpi, 9 = 9qi''' 9gj- 
Then f g = /pi''' fpi9qi''' gqj, so: 
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Pk(fg) < ' ' ' P(fpi)p(9ql) ■ ■ ■ P{9qj) 

p,q 

= C^2 P^P^> ' ‘ ' PUW)(£ p(9ql) • • • p(9qj))- 
p q 

It follows that Pk(fg) < Pi(f)Pj(g)- □ 

We extend p to a submultiplicative seminorm p on 5(F) as follows: For 
/ = fo H-f- fe, fk G S(V)k, k = 0,...,£, define 

t 

p(f) '■= Y.'pkUk). 

k =0 

We refer to ~p as the projective extension of p to 5(F). 

Proposition 3.2. ~p is a submultiplicative seminorm on 5(F ) extending the 
seminorm p on V. 

Proof. Clearly ~p is a seminorm on 5(F). Also, p 1 = p, so ~p extends p. Let 
/ = TZ 0 fi, 9 = >:; o9r fi G S(V) h 9j G 5(F),, Then ' 

p(/s) =p(J2fi9j) = pC^ 2 fw) 

i,j k i+j=k 

= ^Pk(Y^ f*9j) Pk(fi9j) 

k i-\-j=k k i-\-j=k 

£ Pi(fi)pj{9j) = ^Pi(fi)Pji9j) 

k i-\-j=k i,j 

=Q2Pi(fi))Q2pj(9j)) = p(f)p(9)- 

i 3 

This proves ~p is submultiplicative. □ 

The algebra 5(F) is characterized by the following universal property: For 
each R-linear map 7r : F —> A, where A is an R-algebra (commutative with 
1), there exists a unique R-algebra homomorphism vf : 5(F) —>■ A extending 
7r. 

Suppose now that A is an R-algebra equipped with submultiplicative semi¬ 
norm <7 and 7r : F —> A is R-linear and continuous with respect to p and 
<7, i.e., 3 C > 0 such that a(n(f)) < Cp(f ) V / G F. Then W need not be 
continuous with respect to p and a. All one can say in general is 

Lemma 3.3. cr(vf(/)) < C k p k (f) V / G S(V) k . 

Proof. Suppose / = £ • fn ■■■ f ik , fij G F. Then W(f) = 7r(/a) • • • vr (f ik ) 

so a(W(f)) < Ei <T ( 7r (/ii))-"0'(7r(/ifc)) < C k P(fn) ''' P(fik)- This im¬ 
plies cr(vf(/)) < C k p k (f). □ 
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Of course, if the operator norm of n r with respect to p and a is < 1 (i.e., 
if one can choose C < 1) then W is continuous with respect to p and cr. 

Proposition 3.4. If it : (V, p) —> (A, cr) has operator norm < 1, then the 
induced algebra homomorphism If : (SfPfp) —>■ {A, cr) has operator norm 
<a(l). 

Proof. By Lemma 13.31 and our assumption concerning the operator norm 
of 7r, cr(7f(/)) < p k (f) for all / G S(V) k , k > 1. Now let / = Ylk=ofk, 
fk G S(V)k, k = 0,... , m. Then 

mm m 

o-(7f (/)) = *(!>(/*)) < ^(/o)) +^2Pkifk) 

k =0 k =0 k =1 

mm m 

=<r(fo) + ^Pk(fk) < <r(fo) + ^2°{l)pk(fk) = o-(l)J^Pfc(/i) = C7(1)P(/)- 

/c=l /c=l /c=0 

We are assuming here that cj is not identically zero (so er(l) > 1). If cr is 
identically zero the result is trivial. □ 

The character space X(S'(P)) of S(V ) can be identified with the algebraic 
dual V* = Hom(V, R) of V by identifying a G X(S(V)) with v* G V* if 
a = v*, equivalently, if v* = a\y- The topology on V* is the weak topology, 
i.e., the weakest topology such that v* € V* i-a v*(f) G R is continuous 
V/ G V. If we fix a basis Xi, i G 0 for V, then S(P) is equal to the 
polynomial ring R[xj : i G fl], V* = R^ 2 endowed with the product topology, 
and the ring homomorphism a : S(V) —> R corresponding to v* G V* is 
evaluation at v*. We are interested here in the Gelfand spectrum sp(p). 

Proposition 3.5. sp(p) is naturally identified with the closed ball B\(p'). 
Here p' denotes the operator norm on V*, i.e., p'{v*) := inffC G [0, oo) : 
|'u*(w;)| < Cp(w ) \/w G V}. 

Proof. Let a G sp(p). Thus a : S(V ) -A R is an R-algebra homomorphism 
which is p-continuous, i.e., |a(/)| < p(/) V / G S(V). Clearly this implies 
that |a|y(/)| < p(/) V / G V, so p'{a\y) < 1. Suppose conversely that 
v* g V*, p'(v*) < 1. Denote by a the unique extension of v* to an R-algebra 
homomorphism a : S(V) -A R. Observe that |a(/)| = \v*(f)\ < p(/) V 
/ G V so |a(/)| < p(/) V / G 5(P), by Proposition 13.41 Thus a G sp(p). □ 

Example 3.6. Fix a basis i;, i G O for V and a real number 1 < p < oo. 
Let p be the ^,-norm on V relative to this basis, i.e., 

pC^aiXi) := |ai| pN ) 

iSf2 VieO / 

If p = 1 then Bi(p') = [— 1, if 2 . If 1 < p, q < oo, ^ | = 1, then 

Si(p') = {aGK fi :^ (af 9 < 1}. 

i£fl 
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Corollary 3.7. For each seminormed R -vector space ( V , p) and each integer 
d > 1 there is a natural one-to-one correspondence L £A p given by L(f) = 
I fdp V / £ S(V) between p-continuous linear functionals L : S(V) —> R 
satisfying Lifff S(V) 2d ) C [0, oo) and positive Radon measures p on V* 
supported by B\(p'). For any 2d-power module M of S(V), if L £->■ p under 
this correspondence then L isM-positive iff p is supported by Xm H Bi(p'). 
Here, 

X M nBi(p') := K € Btip') : g(v*) > 0 Vp £ M}. 

Proof. In view of Proposition 13.51 this is a direct application of Theorem [23] 

□ 

Proposition 3.8. If p is a norm then ~p is a norm. 

Proof. It suffices to show ~p k is a norm for each k > 0. For k £ {0,1} 
this is clear. Fix k > 2 and / £ S(V) k , f f 0. Fix a basis Xi, i £ fl 
for V. Thus / is a homogeneous polynomial of degree k in finitely many 
variables xp,..., x ln , i\,... ,i n £ fh Since / f 0. there exists some non¬ 
zero (ciij,..., dj n ) £ R n such that f(ap,... ,ai n ) / 0 [231 Proposition 1.1.1], 
Since / is homogeneous of degree k, /(ra^,..., ra in ) = r k f( 

a h 5 • • • 5 

for all non-zero r £ R. Let IT C 1/ be the linear span of xp,..., Xi n and let 
<p : W —> R be the linear functional defined by ., j = 1,..., n. 
Since W is finite dimensional and p\w is a norm (because p is a norm), 
any linear functional on W is p|vp-continuous. In particular, f is p\w~ 
continuous so, by the Hahn-Banach theorem, <f> extends to a p-continuous 
linear functional <h : V -A R having the same operator norm as <f>. Scaling, we 
can assume d> and f> both have operator norm 1. Thus <L £ B\(p'). Let a be 
the element of sp(p) corresponding to Then a(f) = f(ap,... ,Oj n ) 7 ^ 0. 
Since 0 < \a(f)\ < p(f), this implies p k (f) = p(f) >0. □ 

4. Background on LC Topologies and LMC Topologies 

We begin by recalling some terminology. Let V be an R-vector space. 
For two seminorms p\ and P 2 on V, we write p\ R p 2 to indicate that there 
exists C > 0 such that 

Cpi(v) > p 2 {v) V v £ V. 

The maximum of p\ and p 2 is the seminorm p = max{pi,pi} on V dehned 
by 

p(v) := max{pi(u), P 2 (u)} V v £ V. 

A locally convex (lc) topology on V is just the topology on V generated by 
some family S of seminorms on V, i.e., it is the weakest topology on V such 
that each p £ S is continuous. Closing S up under the taking of max does 
not change the topology. In view of this, there is no harm in assuming, from 
the beginning, that the family S is directed, i.e., 

V PhP 2 € >5, 3 p £ <S such that p R max{pi,p 2 }- 
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With this assumption, the open balls 

U r (p) := {v £ V : p(y) < r}, p £ S, r > 0 

form a basis of neighbourhoods of zero (not just a subbasis). 

Lemma 4.1. Suppose t is a locally convex topology on V generated by a 
directed family S of seminorms of V and L : V -A R is a r-continuous 
linear functional. Then there exists p £ S such that L is p-continuous (and 
conversely, of course). 

Proof. This is well-known. The set {v £ V : |L(u)| < 1} is an open 
neighbourhood of 0 in V so there exists p £ S and r > 0 such that 
U r (p) C {v £ V : \L(v)\ < 1}. Then U re (p) = eU r (p) so L(U re {p )) = 
L(eU r (p)) = eL(U r (p )) C e(—1,1) = (—e, e) for all e > 0, i.e., L is p- 
continuous. □ 

A locally multiplicatively convex (lmc) topology t on an R-algebra A is 
just the topology on A generated by some family S of submultiplicative 
seminorms on A. See !Tl Section 4.3-2], {211. Theorem 3.1] or ] 2H Lemma 
1.2] for more detail on lmc topologies. Again, we can always assume that 
the family S is directed. 

Let t be an lmc topology on an M-algebra A. We denote the Gelfand 
spectrum of ( A,r ), i.e., the set of all r-continuous a £ X(A), by sp(r) for 
short. Lemma 14.11 implies that 

sp(r) = [J sp(p). 

pes 

Since S is directed, this union is directed by inclusion. Theorem 12.41 extends 
to general lmc topologies in an obvious way: If M is any 2d-power module 
of A then 

M 1 " = Pos(Xa/ n sp(r)). 

Here, M denotes the closure of M with respect to r. In particular, 

y, A 2d = Pos(sp(r)). 

See jlOl Theorem 5.4], Theorem 12.51 also extends to general lmc topologies. 
By Lem ma im the unique Radon measure p corresponding to a r-continuous 
linear functional L : A — > M such that L is M -positive is supported by the 
compact set Xm nsp(p) for some p £ S. Indeed, for p £ S, p is supported 
by Xm H sp(p) iff L is p-continuous. 

5. LMC Topologies on Symmetric Algebras 

Let V be an M-vector space. For a seminorm p on V, we consider the 
extension of p to a submultiplicative seminorm p of S(V) defined in Section 
3. 

For seminorms pi, p 2 on V, it is important to note that p\ P p 2 does not 
imply in general that p! >z pj but only that Cp\ P J >2 for some C > 0. This 




MOMENT PROBLEM FOR SYMMETRIC ALGEBRAS OF LOCALLY CONVEX SPACER! 


follows from Proposition 13.41 applied to the inclusion (V, Cp\) ^ (S(V),p 2), 
where C > 0 is such that Cp\ > P 2 on V. 

Let r be any locally convex topology on V. We claim there is a unique 
finest line topology T on S(V) extending r. This is pretty clear at this 
point. Let S be a family of seminorms on V defining r. We may assume 
S is directed. Denote by r the lmc topology on S(V ) determined by the 
directed family of submultiplicative seminorms ip, p G S , i G {1, 2,3,... }. 

Proposition 5.1. f extends r and is the finest lmc topology on 5(D) with 
this property. 


Proof. The sets TJ r (p), p G S, r > 0 form a basis of neighbourhoods of 
0 in (V,t), and the sets U r (ip), p £ S, i > 1 , r > 0 form a basis of 
neighbourhoods of 0 in (5(F), r). Since U r (ip) CiV = Uz(p) it is clear 
that t extends r. That r is the finest lmc topology with this property is 
a consequence of Proposition 13.41 If N is any submultiplicative seminorm 
on S(V) such that the topology induced by N |y is coarser than t then 
3 p G S and i > 1 such that N(f) < ip(f) V / G V. By Proposition 13.41 
applied to the inclusion ( V,ip ) ^ ( S(V),N ) we get that N(f) < N(\)ip{f), 
V / G S(y). This implies the topology induced by N is coarser than that 
induced by ip. □ 


In view of Lemma 14.11 every r-continuous linear functional L : S(V) — > R 
is ip-continuous for some p G S and some i > 1 (and conversely, of course) 
so Corollary 13.71 can be applied directly to characterize r-continuous linear 
functionals L : S{V) -» R satisfying L(%2 S(V) 2d ) C [0,00) in terms of 
measures. Note also that (ip)' = ip' so 

sp(ip) = Bi((ip)') = Bi(p'). 


Consequently, 

sp(r) = |J sp(ip) = U Bi((ip)') = |J Bi(p'). 

i>l ,pG«S z>l,pG«S z>l,pG<S 


Corollary 5.2. Let r be the locally convex topology on an R -vector space V 
defined by a directed family S of seminorms on V . For each integer d > 1 
there is a natural one-to-one correspondence L -H- p given by L(f) = f fdp, 
V / G S(P) between t- continuous linear functionals L : S(V) —> R satisfying 
S(V) 2d ) C [0, 00 ) and positive Radon measures p, on V* supported by 
Bi(p') for some p G S and some integer i > 1. If p is supported by Bi(p') 
then L is ip-continuous, and conversely. For any 2d-power module M of 
S(V), if L G4 p under this correspondence then L is M-positive iff p is 
supported by Xm H Bi(p'). Here, 

X M C ~Bi(p') := {u* G Bi(p') : g(ff) > 0 Vp G M}. 


Example 5.3. 

(1) There is special interest in the case where r is the finest locally convex 
topology of V. In this case T is the finest lmc topology of S(V). 
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(2) Suppose V is finite dimensional with basis x±, ..., x n , so S(V) = M[x] 
and V* = M n . The hnest locally convex topology on V is generated by any 
fixed norm p of V. The singleton set {p} is obviously directed, so {ip : z > 1} 
generates the finest lmc topology on S(V). 

(3) To handle the general case, fix a basis Xj, i E Q for V, so S(V) = 

M[xj : i E fi] and V* = M n . For r = E (0,oo) n , let p r denote the 

associated weighted ^i-norm on V, i.e., 

PrC^aiXi) := 22 \ a i\ r i- 
iefi ien 

If p is any seminorm on V and p{xf) < r* V i E then p -< p r . This is clear. 

If / = Yien a i x i then 

p(f) < 22p{ a iXi ) = 22 \ a i\p( x i) < 22 i a *i r * = Pr (/)• 

iefi iefi iefi 

It follows that the set {p r : r E (0, oo)^} generates the finest locally convex 
topology on V. Since this set is directed and jp r = pj r , for any j > 1, 
{pj : r E (0, oo)^} generates the finest lmc topology on S(V). Observe that 

Bi (£) = 

ien 

Recall also that the monomials x k := ELen x 2 f° rm a basis for S(V) as a 
vector space over R. 

Proposition 5.4. ~p r (Yl l a kX k ) = Y \ak\r k , where r k denotes the result of 
evaluating x k at x = r, i.e. r k := ELen O'• 

Proof. Let p r (Y a kX k ) := Y \ a k\f k ■ Clearly p r is a submultiplicative semi¬ 
norm on 1 S , (P) and p r \y = p r , so p r P ~p r , by Proposition 13.41 On the other 
hand, the definition of ~p r implies that ~p r -< p r . □ 

6. Comparison with results in [3j, m, [si AND m 

We assume in this section that (V, r) is a nuclear space of the special sort 
considered in P, Vol. II, Chapter 5, Section 2], |4), [IS, Section 3] and [TBJ- 
Namely, (V. r) is assumed to be: 

• separable 

• the projective limit of a family ( H s ) se s of Hilbert spaces (S is an 
index set containing 0) which is directed by topological embedding 
and such that each H s is embedded topologically into Hq 

• nuclear, i.e., for each sj £ 5 there exists S 2 E S such that the em¬ 
bedding H S2 ^a H Sl is quasi-nuclear. 

Thus t is the locally convex topology on V induced by the directed family 
S of norms of V, where S consists of the norms on V which are induced by 
the embeddings V ^A H s , s E S. In 0 , ng, m , the topology r is referred 
to as the projective topology on V. 
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Theorem 6.1. Let (V. r) be a nuclear space of the special sort described 
above and let L : S(V) —>• R be a linear functional. Assume 

(1) L(ES(V) 2 ) c[0,oo); 

(2) for each k > 0 the restriction map L : S(V) k —> R is continuous with 
respect to the locally convex topology T k on S(V)k induced by the norms 
{pk : p G 5}; and 

(3) there exists a countable subset E of V whose linear span is dense in 
(V, t) such that, if 

m 0 : = Vm and m k : = / sup |T(/i ... f 2k )\, for k > 1, 

V fi,-,f2keE 

then the class C{m k } is quasi-analytic. 

Then there exists a Radon measure p on the dual space V* supported by 
the topological dual V' of (V, r) such that L(f) = f fdp V / G S'(V). 

Proof. See [31 Vol. II, Theorem 2.1] and [3]. □ 

Remark 6.2. 

(1) By definition, ~p k is the quotient norm induced by the norm p® k on 
V® k via the surjective linear map 7: V® k —> S(V)k- It follows that, for 
any linear map L : S(V) k —t M, L is /^-continuous iff L o ir k : V® k —> M is 
p®' ^'-continuous. This is clear. 

(2) In [31, m, [16] the topology on V® k is described in terms of the 
natural inner products on the Hf k , s G S. The fact that the continuity 
assumption (2) of Theorem 16.11 coincides with what is written in [31 Vol. 
II, Theorem 2.1] follows from a well-known consequence of the nuclearity 
assumption: namely that all cross norms on V® k define the same topology; 
see m Chapitre 2, Theoreme 8] or ]29l Theorem 50.1]. 

(3) Condition (2) of Theorem 16.11 is equivalent to the assumption m G 
J-(V r ) in [15] and [16]. This is nothing but a short way to express the 
assumption in [3j and [2] on the starting sequence m = (m^ n ^) n£ N 0 to be 
such that each m^ G (V® n )' is a symmetric functional in its n— variables. 
Conditions (2) and (3) combined are equivalent to the so-called determining 
condition in [15] and [16] (resp. definiteness condition in [3] and a). 

(4) L extends by continuity to L : ©^ 0 5(V) fc —> M, where S(V) k denotes 
the completion of ( S(V) kl Tk ). As pointed out in [3], [4], [15], the Radon 
measure p obtained actually satisfies L(f) = f fdp V / G ©fcL 0 S(V) fc . 

(5) The proof of Theorem 16.11 shows that the measure p is supported by 
H^ s , the Hilbert space dual of H s , for some index sGS depending on L , see 

Remark 1, Page 72], Observe that H_ s is a countable increasing union 
of closed balls. Since each such ball is compact in the weak topology, by the 
Banach-Alaoglu theorem [26l . Theorem 3.15], it follows that H- s is a Borel 
set in V*. 

(6) In general it is not known if the measure p is unique. If the topological 
dual V' of (V, t) is a Suslin space then the measure p is unique [T5l Theorem 
3.6], 
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(7) There is no harm in assuming that the elements of E are chosen to 
be linearly independent over R, say E = {xi,X 2 ,... }. Then one can show, 
for all k > 1, that 

m k = /sup{|L(x? fe )|}. 

V i> i 

This follows from the assumption S(V ) 2 ) C [0, oo), using the Hurwitz- 

Reznick theorem. Indeed, by homogenizing [7], Corollary 3.1.11] in the ob¬ 
vious way, one gets 

n n 

Y otixf ± 2k JJ xf 
2=1 2=1 

is a sum of squares, so 


'T1 

2=1 




< max{L(a;f L(xf)} 


2k \ 


Here, a\,a n are arbitrary integers satisfying a% > 0 and Yh a i = 2fc. 

(8) Corollary 15.21 is simultaneously more general and less general than 
Theorem 16.11 It is more general because (V, r) can be any locally convex 
topological space (not just a separable nuclear space) and the result holds 
for arbitrary 2d-powers (not just squares). It is less general because it is 
necessary to assume that L : 5(H) —>• R is r-continuous. 

(9) The assumption that L is r-continuous is very strong. It implies not 
only that the restriction of L to S(V) k is r^-continuous, for each k > 0, 
but also the following strong form of quasi-analyticity: By Lemma 14.11 there 
exists p £ S and C > 0 such that |L(/)jj < C~p(f ) for all / € S(V). Then, 
for any k > 1 and any /i,... , f k 6 V, if p(fi) < 1, i = 1,..., k, then 


\L{h ■■■/*)I < CpU i • • • f k ) < Cp(fi) ■ • • p{f k ) < C. 


(10) In particular, if L is r-continuous and (V,r) is separable, then con¬ 
ditions (2) and (3) of Theorem 16.11 hold. The fact that condition (2) holds 
is clear. Separability implies there exists a countable dense subset W of V. 
Taking 

E '■= {/ <E span Q W : p(f) < !}• 

we get the non-empty, countable subset of V fulfilling condition (3). 

(11) Corollary 15.21 provides better information about the support of the 
measure than does Theorem EH An improvement of Theorem 16.11 in this 
regard is proved in [16] Theorem 2.3] in the special case where V = C£°(R d ), 
the set of all infinitely differentiable functions with compact support con¬ 
tained in R rf . Note that in m Theorem 2.3] the functional L is not assumed 
to be r—continuous as in Corollary 15.21 Moreover, jT6, Theorem 2.3] holds 
for arbitrary quadratic modules and not just squares as Theorem 16.11 
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